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Jukes and Cantor’s moddl [1]

The simples symmetrical model of DNA
evolution
All sites change independently

All sites have the same stochastic process
working at them

Pyrimidines C

Nucleotide substitution models — p. 2/23



Probability for nucleotide (1)
Let us assume nucleotide residing at certain cite
In DNA sequence is\,
Consider probability that , ;) that the site will be
occupied byA at timet,

Since we start with, p ;) = 1,

At a time 1 probability of still having® is
D (1) = 1 — 3a.
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Probability for nucleotide (2)

At a time 2P (2) = (1 — ?)Ck)p (1) + Oé(l — D (1))

1. The nucleotide has remained unchanged with
probability1 — 3«

2. The nucleotide did change 19 C, ¢, but
subsequently reverted tfowith probability «

The following recurrence holds
Py = (1 = 3a)pig + a(l —pay), =

Da+1) — Pay = 3apap +a(l —pag), =
Ap (t) = 3ap (t) —I—Oz(l — D (t)) — —4()4]? (1) =+ .
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Continuoustime

dp A1)
dt

This first-order linear differential equation has

solution
1 1\ ..

Initial probability isp ;o) = 1, thererefore

— —40ép (t) + (.

1 3
p(t)21+164t
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Probabilities
If the initial nucleotide Is not\, thenp ;) = 0 and

1 1 —4at
Pawy = 5 = 4©
generalizing for nucleotidesandj, where: # 3
1 3 4,
Dii(t) = 1 - 16 dat

1 —4at
46

N

Pij(t) =
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Graphical interpretation
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Seguence similarity (1)

Ancestral sequence

NONEFAHOOP>>0H0>

i

A A

& C—>A Single substitution

T T

G G

A->C->T A Multiple substitutions

A A

C->G C—>A Coincidental substitutions

G G

T=>A T—>A Parallel substitutions

A % 7

A—>C—>T A>T * = Convergent substitution

C i

G G e

C C>T->C + = Back substitution
Sequence 1 Sequence 2
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Seguence similarity (2)

A common measure for sequence similarity Is the
proportion of identical nucleotides between the
two seguences under study.

The expected value of this proportion is equal to
the probability/(;, that the nucleotide at a given

site at a time is the same in both sequences.
Cases include nucleotide Conservarj@r(}) and

parallel substitutions?; .

L TP Pl TP =

Iy =p
i §6—8at.
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Estimating substitutions (1)

The probability that the two sequences are
different at a site at timéisp = 1 — Iy

3 —8a
p:Z(l—e St),:>

Sact In{1 !
at=—In{1—-—=p].
P
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Estimating substitutions (2)

We estimatédy’, the actual number of
substitutions per site since the divergence
between the two sequences.

In the one parameter modé{, = 2(3at), where
3at IS the expected number of substitutions per
site in one lineage.

oo
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Kimura model [2]

The method has the merit of incorporating the
possibility that sometimes “transition” type
substitutions (with rate) may occur more
frequently than “transversion” type substitutions
(with rate ).
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Kimura model [2]

Same Uu CC Total
(Frequency) i) (R2) (R3) (R4 (R)

Different,
Type | uc CuU Total
(Frequency) £1) () () (F2) (P)

Different, U U U U

Typell  (@1) (@Q1) (Q2) (Q2) Total
CA AC CG CC (Q)
(Frequency) @s) (Qs) (Qs) (Q4)
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Kimura model (1)

Total rate of substitutions per site per year Is
k=aoa+20

P 1s the probabillity of homologous sites showing
a type | difference

() Is the probability of homologous sites showing
a type Il difference

R 1s the probability of homologous sites to be the
same

We denote probability of identity at homologous
sitesattimél’asR(T) =1— P(T) — Q(T)
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Kimura model (2)

We can derive the equation fét and() at time
T + AT In terms of P, ) and R at timeT’

We can distinguish three ways by whiclC (U at
homologous position of organism 1
corresponding t& in organism 2) at time

T + AT is derived from various base pairs at
timeT.

1. PairUC s derived fromUC. Since probability
of substitution in short time interval KT’ Is
(o + 206)AT. Thus the probability of no
change occurring in both homologous sites is

1 — (a + 23)ATY)?, so this case contribution
is[1 — (a+268)AT)> P (T)
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Kimura model (3)

2. PairUC is derived either fronU or from CC
with probability

3. PairUC could be derived fron A, UG, AC and
C with probability

BATIQ1(T) + Q2(T) + Q3(T) + Qu(T)] =

Q(T)
PAl—=
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Kimura model (4)

Combining contributions coming from different
classes resulting IC and disregarding terms with
(AT)?, we get

(1) P(T+ AT) = [1— (2a +4B8)AT] Pi(T)
+ AT [R(T) + Ro(T)] + ﬁAT@
Similarly, for the base palit. - we get
(2) BT + AT) = [1— (2a + 4B8)AT] Py(T)
Q(T)

+ QAT [Ry(T) + Ra(T)] + BAT ==

Nucleotide substitution models — p. 18/23



Kimura model (5)

Summing equations (1) and (2), and noting
P(T)=2P(T) + 2P(T), we get

AP(T)
AT

3) — 20 — 4(a + B)P(T) — 2(a — B)Q(T)

(@) 29D _ 45 - spo(n)

Converting (3) and (4) to continuous case, we get

dP(T)
T

— 20 — 4(a + B)P(T) — 2(a — B)Q(T)

dQ(T)
=45 — 80Q (1
dT 5 /6Q ( ) Nucleotide substitution models — p. 19/23



Kimura model (5)

The solution for these equations satisfy the initial
condition P(0) = Q(0) = 0, i.e. no base difference
exists atl’ = 0

1 1
P(T) _ Z . 56—4(04—|-ﬁ)T + EG—SﬂT
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Kimura model (6)

It follows that
(5) 4(a+ BT =—In(l—2P(T) — Q(T))

and

(6) 83T = —In(1 — 2Q(T))
so that
(7) 4aT = —In(1 =2P(T)— Q(T))

Nucleotide substitution models — p. 21/23



Kimura mode! (7)

Since evolutionary rate Is = o + 2, the total
number of substitutions per two diverged segquences I

K = 2Tk = 2aT + 48T

By omitting index" and following equations (6) and
(7) we obtain

K:—%ln{(l—QP—Q)\/l—QQ}
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